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Utilizing a 3D mean-field lattice-gas model, we analyze the effect of confinement on the nature
of capillary phase transition in granular aggregates with varying disorder and their inverse porous
structures obtained by interchanging particles and pores. Surprisingly, the confinement effects are
found to be much less pronounced in granular aggregates as opposed to porous structures. We
show that this discrepancy can be understood in terms of the surface-surface correlation length with
a connected path through the fluid domain, suggesting that this length captures the true degree
of confinement. We also find that the liquid-gas phase transition in these porous materials is of
second order nature near capillary critical temperature, which is shown to represent a true critical
temperature, i.e. independent of the degree of disorder and the nature of solid matrix, discrete or
continuous. The critical exponents estimated here from finite-size scaling analysis suggest that this
transition belongs to the 3D random field Ising model universality class as hypothesized by P.G. de
Gennes, with the underlying random fields induced by local disorder in fluid-solid interactions.
The fluid behavior confined in a solid matrix is of inter-
est to a range of scientific and engineering fields, includ-
ing wet granular physics and poromechanics [1–3], plant
biology [4, 5], carbon capture technologies [6], catalysis
[7, 8] and optics [9]. The behavior of a confined fluid
contrasts significantly with that of a bulk fluid. This is a
consequence of pore morphology, topology and the rela-
tive strength of fluid-solid to fluid-fluid interactions that
alter the energy landscape of a fluid [10–17]. In particu-
lar, the degree to which a fluid experiences confinement
results in a shifted liquid-gas phase transition [12, 18, 19].
This effect is best captured through the concept of cap-
illary criticality that hinges on the existence of a tem-
perature Tcc below the bulk critical temperature beyond
which liquid-gas phase transition becomes reversible.
For disordered porous materials, the nature of liquid-
gas phase transition and whether capillary criticality is
associated with a true critical point, i.e. termination of
the liquidus line, are still unclear [20, 21]. Addition-
ally, a central issue is how the effective random fields
induced by structural and/or chemical disorder affect the
degree of confinement, critical exponents and thus uni-
versality class classification. Bulk liquid-gas phase tran-
sitions are generally in the same universality class as the
Ising ferromagnet [22, 23]. It was conjectured by P.G.
de Gennes that the universality class of liquid-gas phase
transition in disordered porous materials should be that
of the random-field Ising model (RFIM) [24, 25]. His ar-
gument is built on the stochastic nature of effective wall
separation in disordered porous media that manifests it-
self as a quenched random variable in space.
Inspired by analogies between jammed granular pack-
ings and disordered porous solids highlighted recently via
studies on mechanics of dry systems [26, 27], we explore
in this Letter the capillary phase transition in granular
aggregates (discrete) and their inverse porous structures
obtained by interchanging pores and particles (continu-
ous). Based on extensive lattice-gas simulations, we ex-
amine 1) whether Tcc represents a true critical tempera-
ture, 2) the nature of phase transition as T → Tcc, and
3) de Gennes’ hypothesis [25] that critical behavior of
fluids in random porous media can be mapped into the
RFIM [28] universality class. This has been only con-
firmed in colloid-polymer mixtures confined in random
porous media and via Monte Carlo simulations [29–31].
As we shall see, the confinement effects differ in the two
types of structure, but in both cases de Gennes’ hypoth-
esis holds and Tcc appears to be a true critical tempera-
ture.
Let us consider a set of granular media (GM) com-
posed of rigid, non-overlapping monodisperse spherical
particles, each confined to a cubic box of size Lx = Ly =
Lz = 80 nm with a reservoir of length Lres. = 5 nm added
in all directions. The first three structures A, B, C, each
consists of Np = 512 particles with radius R = 4.7 nm,
have a packing fraction fs = 0.43, but exhibiting con-
trasting pore size, rp, distributions (PSD) and increas-
ingly more spatial disorder. Structure D, Np = 955 and
R = 4 nm, exhibits similar degree of spatial disorder as
structure C but with fs = 0.5 (see Supplemental Ma-
terial for porous structure generation and PSD charac-
terization [32]). The corresponding inverse or negative
structures are porous solids (PS) obtained by switching
pores and particles. We also consider a set of cylindrical
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FIG. 1. (a) Shift in capillary critical temperature Tcc as a
function of the ratio 2σ/〈rp〉. Previous simulations (circle)
and experimental (triangle) data from literature [33] along
with our results (square) for all the considered cylindrical
pores (CP), porous solids (PS) and granular media (GM) and
for various space discretizations a0, where a0 ∼ σ. (b) and
(c) Nfs (r = 20 nm) of GM and PS, respectively, for structure
C. (d) Partial radial distribution function for a fluid site at
the pore-solid interface with a connected path to a solid site
at the pore-solid interface.
pores (CP) of length Lx = 160 nm Ly = Lz with pore
radius rp ∈ {2, 4, 8} nm and with reservoirs of length
Lres. = 4 nm added to both ends.
We use a parallelized implementation of Coarse-
Grained Lattice gas density functional Theory (CGLT)
[34, 35] with periodic boundary conditions in all direc-
tions on a simple cubic lattice with coordination number
c = 6. In this mean-field approach, the fluid is modeled
in the grand canonical ensemble via minimizing the grand
potential Ω with normalized density field ρ (~x) serving as
the only order parameter in the model:
Ω = −wff
∑
〈i,j〉
ρiρj − wsf
∑
i,j
ρiηj − µ
∑
i
ρi +
kBT
∑
i
[ρi ln (ρi) + (1− ρi) ln (1− ρi)], (1)
where ηi = 0(= 1) indicates occupancy of site i with solid
(fluid). wff and wsf represent fluid-fluid and fluid-solid
energy interaction parameters where y = wsf/wff is set
to y = 2.5, corresponding to a strong fluid-solid surface
affinity akin to methane in porous carbon or water in
cement [36].
Based on our lattice choice, the normalized bulk crit-
ical temperature T¯ 3Dc = kBT
3D
c /wff = c/4 = 1.5, and
the normalized chemical potential corresponding to bulk
liquid-gas phase transition µ¯3Dsat = µ
3D
sat/wff = −c/2 =
−3 are set. In the continuum limit and with correct
parameterization, CGLT (Eq.(1)) approaches the Cahn-
Hilliard model [37, 38], paving the way to capture the
liquid-gas interface diffusively [39, 40]. This provides ac-
cess to capillary stresses as a tensorial field, σ (~x), via
Kortweg stress definition [41, 42] and subsequently capil-
lary pressure scalar field, p (~x) = (1/3) trσ (~x) (see Sup-
plemental Material [32]):
σ =
(
p0 (ρ)− κ
2
(
~∇ρ
)2)
I + κ~∇ρ⊗ ~∇ρ+ σ0, (2)
where p0 (ρ) = µρ + (cwff/2) ρ
2 − kBT [ρ ln (ρ) +
(1− ρ) ln (1− ρ)] is the asymptotic bulk value of the hy-
drostatic pressure, I is the identity tensor, σ0 represents
an arbitrary constant tensor, κ = a20wff , and a0 denotes
lattice spacing. For proper energy scaling in this mean-
field approach, a0 is determined from liquid-gas surface
tension.
Figure 1(a) displays the calculated shift in critical tem-
perature for GM, PS and CP as a function of the ratio
2σ/〈rp〉 with σ denoting the characteristic diameter of
a fluid molecule, set equal to lattice spacing a0. It also
shows the data from experiments [11, 43, 44] and pre-
vious simulations based on CGLT and Grand Canonical
Monte Carlo (GCMC) for cylindrical pores [45–47], e.g.
MCM-41, carbon nanotube, disordered porous solids, i.e.
Vycor and for a variety of substances, e.g. xenon, ar-
gon and water. The one-to-one scaling between the shift
in capillary critical temperature and inverse mean pore
size suggests similar behaviors independently of fluid and
solid properties and pore connectivity. In this vein, we
determine Tcc with a resolution of ≈ 4 K for CP, GM
and PS with a lattice spacing a0 ∈ {0.2, 0.25, 0.5, 1} nm
for CP and a0 ∈ {0.25, 0.5, 1} nm for both GM and PS.
For CP and PS, our results are in full agreement with
the data reported in the literature [33] and shown in Fig.
1(a).
The CGLT is a mean-field approach that ignores ther-
mal fluctuations and here is based on nearest neighbor
interactions. This differs from the GCMC approach that
accounts for thermal fluctuations leading to a lower Tcc
by ≈ 10 K. This is what we observe here for CP com-
pared to those in the literature based on GCMC and
CGLT. However, the confinement imposed by GM seems
insignificant and independent of the degree of spatial dis-
order, since Tcc / T 3Dc . Let us explore this contrast fur-
ther.
The PSD in each considered PS has a peak that cor-
responds to the monodisperse particle radii with no vari-
ations around this peak. For the porous solids reported
in the literature such as Vycor, the PSD can be captured
by a Gaussian fit with a well-pronounced peak repre-
senting the mean and a small variance around it [48].
However, the PSD for GM exhibits a wide range and
is not well represented by the first moment of the dis-
tributions (see Supplemental Material [32]). To further
3FIG. 2. Isotherms (a)-(d) and capillary pressure curves (e)-(h) for granular packings at T¯ = 1.0, T¯ = 1.2, T¯ = 1.4 and T¯ = 1.5,
respectively.
FIG. 3. (a)-(d): Spatial distribution of density fields, ρ (~x),
for granular packing C and at cross-sections corresponding to
z = 44 nm, h = 0.96 and (e)-(h): Probability density for the
density fields (coarse-grained over L3 = 1 nm3) for the same
structure at h = 0.96 for T¯ = 1.0, T¯ = 1.2, T¯ = 1.4 and
T¯ = 1.5, respectively.
characterize these distributions, we consider the propor-
tion Nfs (r) of interface solid sites in a spherical domain
of radius r, assuming that each site affects the evolution
of a given interface fluid site through a connected path
in the fluid domain, and normalized by the total num-
ber of interface solid sites. Nfs (r) represents the range
of fluid-fluid correlations that can develop from the pore
surface. Therefore, it contains information regarding cor-
relation length for the adsorbed fluid or surface-surface
correlation length. The distributions of Nfs (r = 20 nm)
as shown in Figs. 1(b)-1(c) for structure C highlight the
difference in confinement experienced by a fluid site in
a granular material as opposed to a porous solid. For
PS, each distribution is a Gaussian with a sharp peak at
the mean and a small variance around it while for GM,
they are no longer Gaussian, but distributed widely and
multi-modal with the largest peak having a lower prob-
ability density than their porous solid counterparts. For
PS, these distributions imply that every fluid site at the
pore-solid interface has a high probability of interacting
with a fixed number of solid sites while this probabil-
ity is lower and the number of such interactions more
widespread for GM. This notion is also reiterated in the
partial radial distribution functions for fluid sites at the
pore-solid interface interacting with solid sites as shown
in Fig. 1(d).
Thus, this disparity in adsorbed fluid correlation or
surface-surface correlation length emerging from switch-
ing solid curvature leads to more pronounced confine-
ment effects in PS as opposed to their GM counterparts
for which surface-surface correlation length approaches
fluid-fluid correlation length in the bulk. Our results
seem to depart from the Monte Carlo based study re-
ported in [49] for disordered granular packings with a
similar packing fraction fs = 0.386 as our study for which
a more pronounced shift in critical temperature is ob-
served. This can be attributed to space discretization
since in our study, the size ratio between the solid par-
ticle diameter (2R) and a fluid molecule (σ) is ≈ 40 : 1
while in [49] this ratio is 7.055 : 1. Thus, our results sug-
gest that bulk fluid behavior prevails in granular media
exhibiting at least 2R/σ ' 40.
We now turn our focus to capillary pressure fields in-
side the pore domain, Ωp, defined as all fluid sites with
no solid neighbors. Prior to any analyses, the average
pressure of the reservoir is subtracted from the capil-
lary pressure field p (~x). The lattice spacing is chosen
based on water-air surface tension γlg ≈ wff/2a0 ≈ 72
mN/m at T = 300 K and thus a0 ∼ 0.25 nm [38],
comparable to the size of a water molecule. Having de-
4termined Tcc associated with these physical parameters
and for the granular aggregates considered previously,
we simulate capillary condensation and evaporation for
T¯ = kBT/wff ∈ {1.0, 1.2, 1.4, 1.5} with the correspond-
ing adsorption and desorption isotherms, as shown in
Figs. 2(a)-2(d). The hysteresis loop is present for T¯ ≤ 1.4
but it disappears at T¯ = 1.5 with its shape becoming
less symmetric with increasing temperature, a signature
of disordered porous materials. Similar observation re-
garding the disappearance of the hysteresis loop can be
made for CP (see Supplemental Material [32]). Further-
more, there is a jump in mean density at T¯ = 1.4 while
it evolves continuously at T¯ = 1.5, suggesting a second
order phase transition in the latter.
The density fields at a given cross-section for var-
ious temperatures and for relative humidity h =
exp
((
µ− µ3Dsat
)
/kBT
)
= 0.96 are shown in Figs. 3(a)-
3(d) visualizing the extent of the diffusive interface, in-
creasing as T¯ → T¯cc. Furthermore, the density distribu-
tions at a given h show a bimodal response for T¯  T¯cc
as expected for a first order phase transition while its bi-
modality progressively disappears with increasing T¯ , i.e.
temperature as control parameter, a hallmark of a second
order phase transition (see Figs. 3(e)-3(h)).
Capillary pressure is a manifestation of phase coex-
istence. Capillary curves describe the relationship be-
tween liquid saturation s = 〈ρ〉Ωp and capillary pressure
pc (s) = 〈p〉Ωg−〈p〉Ωl where Ωg and Ωl denote gas and liq-
uid domains, respectively [50]. Capillary pressure can be
estimated from Eq. (2) via the first moment of pressure
in the liquid domain, pc ≈ −〈p〉Ωl , given that 〈p〉Ωg in
the gas domain is relatively negligible. The liquid domain
Ωl is determined via a threshold for local density ρ (~xi)
with the results for ρth. = 0.55 shown in Figs. 2(e)-2(h).
The choice of local density threshold does not impact
capillary curves significantly (see Supplemental Material
[32]). These curves exhibit two distinct regimes: a sharp
decrease with s associated with the buildup of adsorbed
film on the pore-solid surfaces, followed by a smooth de-
crease for T¯  T¯cc. In the vicinity of T¯ ≈ T¯cc, the capil-
FIG. 4. (a) Susceptibility for structure C and T¯ = 1.5 for
volumes of length L = 12 (N=217), L = 14 (N=126) and
L = 16 (N=125). (b) Collapse of the susceptibility curves
(inset: a power law fit to estimate γ).
lary curves suggest pore filling/emptying at zero capillary
pressure with the first regime absent, signaling the ter-
mination of phase coexistence (Figs. 2(e)-2(h)). This
can also be observed for CP (see Supplemental Mate-
rial [32]). Furthermore, both the isotherms and capillary
curves show no particular dependence on the degree of
spatial disorder although they do display a pronounced
dependence on fs as the behavior pertaining to struc-
ture D consistently differs from structures A − C, given
that all studied structures, fs ∈ {0.43, 0.5}, can be clas-
sified as dilute suspensions. However, the higher order
cumulants of the capillary pressure fields are sensitive to
spatial disorder (see Supplemental Material [32]).
To further explore the nature of capillary phase transi-
tion, we carry out finite-size scaling (FSS) analysis, and
the critical exponents ν and γ governing singularities in
correlation length and connected susceptibility are de-
termined for both PS and GM. To this end, connected
susceptibility χ = L3
(〈ρ2〉 − 〈ρ〉2) is computed for vol-
umes of characteristic length L chosen to provide a rel-
atively large number of realizations (N > 100) based
on the diameter of the particles (pores). For each re-
alization x, χmax (x, L) is obtained. From χmax (L) =
〈χmax (x, L)〉 and its corresponding chemical potential
µ¯∗ (L) = 〈µ¯∗ (x, L)〉, the critical exponents are estimated
and reported in Tab. I. The quality of the fits are reason-
able (see Supplemental Material [32]) but obviously the
accuracy increases with a larger number of realizations
and a larger set of coarse-graining lengths that span at
least a decade. The obtained values of critical exponents
lead to a reasonable collapse for the susceptibility curves
with an example shown in Fig. 4.
With regards to the nature of phase transition near
T¯cc, our estimations for ν suggest a second order phase
transition given its discrepancy with the expected scal-
ing for a first order transition in a mean-field theory,
i.e. ν ≈ 2/d (= 3) [35]. This observation combined
with the disappearance of bimodality of the density dis-
tribution, at a given h, as temperature increases, and
the continuous evolution of density near Tcc suggest a
second order phase transition near Tcc. Furthermore,
our results for ν and γ are within the range of those
reported in the literature for 3D-RFIM for a variety
of idealized random fields and consistent with univer-
sality of confined colloid-polymer mixture [29, 30] with
ν = 1.1 ± 0.1 and γ = 2.02 ± 0.49. Additionally, the re-
ported critical exponents, ν and γ, for 3D-RFIM with an
underlying Gaussian distribution are ν ∈ [0.96, 1.46] and
γ ∈ [1.7, 2.51] [51–58], for a double Gaussian distribution
TABLE I. Critical exponents estimated from FSS.
A B C D
(ν, γ)GM (0.68, 2.14) (0.77, 2.43) (0.88, 2.89) (0.81, 2.54)
(ν, γ)PS (0.76, 2.21) (0.82, 2.42) (0.94, 2.70) (0.47, 1.39)
5ν ∈ [1.33, 2.68] and γ ∈ [1.98, 4.0], a Poisson distribu-
tion ν = 1.31 ± 0.08 and γ = 1.95 ± 0.12 [58]. Given
the limited options for coarse-graining lengths and the
inherent challenges in extracting critical exponents [30],
the agreements between the reported results with those in
the literature are very promising. Moreover, we observe
that even for the ordered structure, A, with periodic ar-
rangement of particles (pores), the critical exponents are
in agreement with those reported for 3D-RFIM. This is
consistent with de Gennes’s conjecture as the underly-
ing random field is generated by the distribution of wall
separation best captured by pair distribution functions
shown in Fig. 1(d), highlighting the local disorder in
fluid-solid interactions. For the isolated spherical voids
in the PS, the associated pair distance distribution func-
tions are Gaussians [59] and hence the agreement between
the values reported in Tab. I and those in the literature
with underlying Gaussian random fields.
To conclude, we demonstrated that confinement effects
are much less pronounced in the studied granular media
as opposed to their porous solid counterparts. This was
shown to be a consequence of the surface-surface corre-
lation length with a connected path through the fluid
domain as captured via the function Nfs (r). In granu-
lar aggregates, this correlation length approaches that of
the bulk fluid, recovering a bulk fluid behavior. At the
same time, critical exponents estimated from FSS analy-
sis map both GM and PS into the 3D-RFIM as previously
hypothesized by de Gennes [25]. This implies that the
universality class can be resolved in absence of strong
confinement with the underlying effective random field
being a consequence of local disorder in fluid-solid inter-
actions captured by their pair distribution function and
the associated pair distance distribution function in the
pore domain and not necessarily the spatial arrangement
of the particles (pores). Furthermore, our results suggest
a first order phase transition for T  Tcc and a second
order phase transition for T ≈ Tcc irrespective of the de-
gree of disorder and the nature of solid matrix, whether
discrete or continuous. This is based on the estimations
for critical exponent ν, evolution of isotherms, capillary
pressure evolution with temperature and the distribution
of density fields. Additionally, from the capillary curves,
the termination of phase coexistence occurs at T ≈ Tcc.
This implies that Tcc represents a true critical tempera-
ture that is insensitive to the degree of disorder and the
nature of solid matrix.
In the future, the critical behavior of random porous
materials should be examined beyond the dilute suspen-
sion limit with a stronger degree of heterogeneity, e.g.
effective random fields with underlying Le´vy stable dis-
tributions [60] accounting for chemical disorder, i.e. spa-
tially varying fluid-solid interactions, and including cor-
related structures. The scaling properties of the hull
of percolation [61–63] can be illuminating in exploring
surface-surface correlations in more complex pore do-
mains. Lastly, the role of solid deformability on the na-
ture of liquid-gas phase transition remains to be explored.
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